The meeting of two spacecraft in orbit around a planet or moon involves a delicate dance that must carefully the balance the gravitational, Coriolis, and centrifugal forces acting on the spacecraft. The intricacy of the relative motion between the two spacecraft caused problems for the Gemini missions in the mid-1960s. Although now mastered, the problem of how to bring two orbiting objects together continues to be misrepresented in popular movies and books. In this article, I will consider the case when the two spacecraft are in close proximity (compared with the radii of their orbits), and examine the counter-intuitive trajectories that are needed to bring them together. I will examine how a stranded astronaut might use an impulsive force to return to her ship in Earth orbit, how and when line-of-sight targeting may be used for a rendezvous, and how the Apollo 11 lunar module executed a Terminal Phase Initiation maneuver to rendezvous with the command/service module as they both circled the Moon.
That's rendezvous! From there on, it's stationkeeping. That's when you can go back and play the game of driving a car or driving an airplane or pushing a skateboard -it's about that simple." 3 The orbital mechanics during this interval, between being relatively close and being just a few meters away, is the subject of this paper.
From our perspective, 50 years later, the orbital mechanics of rendezvous are well understood. However, the topic of orbital mechanics is covered only in specialized courses not found in most physics curricula. The Hill and Clohessy-Wiltshire equations (derived below) may be found in texts, 4,5 but interesting properties of their solutions are not made explicit.
In this journal, the topic of relative orbital motion has been previously discussed in the context of the motion of an astronaut floating near a space station, 6 an object ejected from an orbiting space station, 7 and the orbital dynamics of the three LISA spacecraft. 8 In this paper I will describe and elaborate upon the results of a little-known 1962 Air Force docu-ment, written by Donald Mueller and now unclassified, on "Relative Motion in the Docking Phase of Orbital Rendezvous." 9 In Sec. II, the Hill and Clohessy-Wiltshire equations will be derived, and the nature of the trajectory of an interceptor spacecraft near a target spacecraft will be described. Section III deals with the problem of a stranded astronaut who must fire a thruster to return to her spacecraft. In Sec. IV I investigate Shirra's claim that an orbital rendezvous is achieved when the interceptor and target are about 40 m apart, and find the distance of closest approach using line-of-sight targeting. The paper closes with Sec. V, which describes the historic docking of Apollo 11's lunar and command/service modules.
II. THE MECHANICS OF RENDEZVOUS
Consider a spacecraft in a circular orbit around Earth or the Moon, and call this spacecraft the target. Another spacecraft, the interceptor, ascends to orbit near the target spacecraft.
How can the interceptor briefly fire its thrusters so it then coasts to a rendezvous with the target? The obvious answer is to point the nose of the interceptor toward the target and create a short thrust toward the target, and like most obvious answers in orbital mechanics, it is wrong. This can be clearly seen by imagining two spacecraft in the same circular orbit (same orbital plane and altitude), with the target leading the interceptor. If the interceptor fires a forward thrust to increase its speed, it will rise to a higher orbit. In this higher orbit, its angular velocity will actually decrease according to Kepler's third law, and it will fall farther behind the target. One answer is for the interceptor to fire its thrusters to slow down, thus dropping into a lower orbit. From there, its increased angular velocity will allow it to catch up with the target. (The speeding-up effect also occurs with atmospheric drag on a satellite. 10 ) A carefully timed forward thrust will then increase its speed and raise the interceptor to meet the target. An alternative requiring a single thrust is described in Sec. IV.
To approach the problem of rendezvous systematically, let us adopt an inertial reference frame, fixed with respect to the stars and called S * , with its origin at the center of the massive central body (for now, Earth; later, the Moon); see target's orbital motion. As the target spacecraft travels around Earth, it also rotates to maintain its orientation relative to the ground. Thus the frame S rotates about the z-axis so that the y-axis always points radially away from the origin of S * . The location of the target is
where R 0 = √ X * 2 + Y * 2 is the radius of the target's orbit. As seen from inertial frame S * , the location of the interceptor is
and as seen from the target frame S, the location of the interceptor is
The goal is to describe the motion of the interceptor as seen from the target frame S when the two spacecraft are close, i.e., when x, y, and z R 0 . (The nonlinear terms that arise when the two spacecraft are not close are neglected. [11] [12] [13] The relations between the position, velocity, and acceleration of the interceptor measured from the frames S * and S are given by
where derivatives with respect to frame S * are indicated with a star following the "d" in the numerator, and derivatives with respect to frame S have no such star. Newton's second law of motion applied to the interceptor in the inertial frame S * is
where m i is the mass of the interceptor and F is the sum of other (non-gravitational) forces acting on the interceptor. (These non-gravitational forces will be set equal to zero below, but are included here for completeness.) The magnitude of the angular velocity vector, ω 0 , comes from Kepler's third law relating the orbital period P and the semimajor axis a * of the target's orbit,
where M is the mass of the central body and m t is the (negligibly small) mass of the target spacecraft. 15 For the target in a circular orbit, a * = R 0 , so
where m t has been ignored. Thus
and the angular velocity vector of frame S as seen from frame S * is given by
Because the angular velocity vector is constant, the fourth term on the right-hand side of Eq. (6) is zero. The other terms in this equation are the non-inertial centrifugal force per unit mass on the interceptor in frame S,
and the centripetal acceleration of the target in the inertial frame S * ,
Inserting these into Eq. (6) and utilizing Eqs. (4), (7), and (10) leads to
or alternatively,
In order to linearize Eq. (15), let us assume that the interceptor is close to the target. The first term on the right-hand side is, using Eq. (4),
Assuming that x/R 0 , y/R 0 , and z/R 0 1, ignoring terms that are second-order in smallness, and expanding the fraction in a Taylor series results in
to first-order. The third term on the right-hand side of Eq. (15) is
Equation (15) is then
Looking at this equation and comparing it with Eq. (14), the first term on the right-hand side is a "tidal" term; it arises from the difference between the gravitational forces at the positions of the target and interceptor (at least to first order; GM/R Let us express Eq. (19) in terms of its x, y, and z components. It will be convenient to change to dot notation for the time derivatives.
These are known as the Hill equations. 16 The forces F x , F y , and F z that appear on the righthand sides will now be set equal to zero because it is assumed that only impulsive thrusts will be applied to the interceptor, which will coast afterward. Note that the z motion is not coupled to motion in the x or y-directions, so it may be immediately solved (with F z = 0 and subject to the initial conditions that at t = 0, z = z 0 andż =ż 0 ) to find
andż
This describes simple harmonic motion along the z-axis of the target frame S. It arises whenever the target and interceptor are orbiting in different planes. These planes cross each other at two points at opposites ends of the orbits' common diameter. The interceptor's thrusters must be fired in the z-direction until the two planes coincide, so the interceptor orbits in the x-y plane of the target. For the rest of this article, it is assumed that any such maneuvers have been successfully accomplished, so that z(t) andż(t) have been reduced to zero.
The interplay of the Coriolis and "tidal" forces can be seen by examining a specific solution to Eqs. (20) and (21), namely
as may be easily verified. This describes the interceptor moving counterclockwise (as seen from a point on the positive z-axis) around an ellipse of semimajor axis a in the x-y plane.
unit mass acting on the interceptor is
and the "tidal" force per unit mass is
so the total force per unit mass acting on the interceptor is
where r is the position vector of the interceptor in frame S. Thus, for this closed elliptical trajectory when the two spacecraft are close, the total force on the interceptor is always directed toward the origin and has a magnitude proportional to the distance from the target.
In other words, the total force in frame S obeys Hooke's law. It is not surprising that the Coriolis and "tidal" forces challenged the intuition of the early astronauts as they attempted to rendezvous with a target that acted as though it were attached to them by a spring.
Before finding a general solution to Eqs. (20) and (21), let us find a conserved energy that can be employed in the non-inertial frame S. The Coriolis force always acts perpendicular to the interceptor's motion, so it does no work and can be ignored. The only work done on the interceptor is due to the "tidal" force in the y-direction. This can be integrated to obtain a potential energy per unit mass,
Adding this to the kinetic energy per unit mass of the interceptor gives the conserved energy per unit mass,
The value of ω 0 is about 10 −3 rad/s for the International Space Station, so y must be on the order of a kilometer to change the speed of the interceptor by as much as a meter per second.
Equations (20) and (21) (with F x and F y = 0) can be solved subject to the usual initial conditions that at t = 0, x = x 0 andẋ =ẋ 0 , and similarly for the y initial conditions.
Integrating Eq. (20) with respect to time and applying the boundary conditions to evaluate the constant of integration produceṡ
This is used to replaceẋ in Eq. (21) . The result is easily solved to yield, after the application of boundary conditions,
Substituting Eq. (34) forẏ into Eq. (20) gives
Solving both the particular and homogeneous versions of Eq. (35) and applying the initial conditions yields
Equations (23), (24), (33), (34), (36), and (37) describe the motion of the interceptor seen from the target's reference frame S. They are called the Clohessy-Wiltshire equations.
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At this point, the usual procedure is to express the solutions for the positions and velocities as a single matrix equation, and then crank out the solutions as functions of time. 4 I want to follow and extend the analysis performed by Mueller in 1962 to uncover the implications of the Clohessy-Wiltshire equations. 9 Let us continue to specify that z(t) =ż(t) = 0, and just look at the motion in the x-y plane. For convenience, define
Equations (36) and (33) are then
and
Squaring Eqs. (42) and (43) and then adding them leads to
Formally, this is the equation of an ellipse with the center of the ellipse at the point (x c , y c ),
The semimajor axis a of the ellipse is
and the semiminor axis b is half that,
which agrees with the specific example of Eqs. (25) and (26) . The eccentricity of the ellipse
, independent of the initial conditions. Of course, in general x c is a function of time, so the ellipse drifts parallel to the x-axis along the line y = y c with a drift velocity of
For a stationary ellipse, v drift = 0 so y c = 0. Let's find the initial conditions that will produce a stationary ellipse with specified values of the center x c and semimajor axis a. Start by choosing (with no loss of generality) y 0 =ẋ 0 = 0, so the initial conditions are for a point at the end of the major axis of the ellipse. Equations (40) and (45) 
As was done previously, these expressions can be used to calculate the Coriolis force, the "tidal" force, and the total force. The result for the total force per unit mass on the interceptor is
where r c is the position vector of the center of the elliptical trajectory, either drifting or stationary. Thus r − r c is the vector from the center of the ellipse at time t to the interceptor, and as before the total force on the interceptor obeys Hooke's law. The interceptor acts as though it were attached to a spring, with the other end of the spring attached to the instantaneous center of the drifting or stationary ellipse. How is the interceptor's motion about the target understood from the inertial frame S * of Earth? As shown in Fig. 3 , the interceptor's stationary elliptical motion is caused by it being in a slightly non-circular (elliptical) orbit whose semimajor axis a * = R 0 . At apogee and and perigee the interceptor will be carried outside and inside the target's orbit, respectively.
The alignment of the interceptor with the target and Earth's center at perigee (point 1) and apogee (point 7) was chosen to produce a qualitative agreement with Eqs. (25) and (26).
In Fig. 3 , point 4 corresponds to t = 0 in these equations. Other choices of alignment and orbital eccentricity (but with the same semimajor axis a * ) for the interceptor's orbit around Earth can reproduce the other stationary ellipses seen in Fig. 2 .
Returning to Eq. (47), if y c > 0 then the ellipse drifts in the negative x-direction, and if y c < 0, then the ellipse drifts in the positive x-direction. In any case, in the rotating frame S the interceptor travels in a counter-clockwise direction (seen from a point on the positive z-axis) around the ellipse. In one orbital period, the center of the ellipse will be displaced
A drifting ellipse occurs when the interceptor's elliptical orbit around Earth has a * > R 0 (y c > 0) or a * < R 0 (y c < 0). By Kepler's third law (Eq. 8), when the semimajor axis of the interceptor's orbit has a * > R 0 (or a * < R 0 ), the orbital period is then greater than (or less than) the target's and the interceptor's apogee moves increasingly behind (or ahead of) the an elliptical orbit with a * < R 0 , then its orbital period is less than the target's. For most of its orbit, the interceptor will therefore move faster than the target so the interceptor appears to move in the positive x-direction most of the time. However, near apogee the interceptor can momentarily move more slowly than the target and so appear to move in the negative-x direction, thereby producing Collins' "wifferdill." The net result for orbit 2 is that the interceptor's trajectory, seen from a point on the the positive z-axis of the rotating target frame S, shows the interceptor moving with y c < 0 around a drifting ellipse in the counter-clockwise direction as the center of the ellipse travels in the positive x-direction.
Orbit 3 is the interceptor's circular orbit of radius r * > R 0 . According to Kepler's 3rd law, if the interceptor is in a circular orbit with r * > R 0 , its velocity is less that the target's and so the interceptor appears to move in the negative x-direction. Orbit 4 is the interceptor's elliptical orbit of semimajor axis a * > R 0 . According to Kepler's 3rd law, if the interceptor is in an elliptical orbit with a * > R 0 , then its orbital period is greater than the target's.
For most of its orbit, the interceptor will therefore move more slowly than the target so the interceptor appears to move in the negative x-direction most of the time. However, near perigee the interceptor can momentarily move faster than the target and so appear to move in the positive-x direction, again producing Collins' "wifferdill." The net result for orbit 4 is that the interceptor's trajectory, seen from a point on the the positive z-axis of the rotating target frame S, shows the interceptor moving with y c > 0 around a drifting ellipse in the counter-clockwise direction as the center of the ellipse travels in the negative x-direction.
Aldrin's artfully worded dedication of his thesis is worth noting: "In the hopes that this work may in some way contribute to their exploration of space, this is dedicated to the crew members of this country's present and future manned space programs. If only I could join them in their exciting endeavors."
III. THE STRANDED ASTRONAUT
Suppose an astronaut (the interceptor) is stranded at some distance from her spacecraft (the target). Specifically, let us suppose that her spacecraft is in orbit at the same altitude above Earth as the International Space Station (400 km), where ω 0 = 1.13 × 10 −3 rad/s, and the orbital period is 92.4 min. Let her be initially at rest in frame S at x 0 = y 0 = 100 m. If she does nothing, the "tidal" force will exert an upward force on her. The Coriolis force will then bend her trajectory as shown in Fig. 5 , carrying her increasingly far from the target.
Unless y 0 = 0, this "hopping" path will occur regardless of her starting point because ifẋ 0 andẏ 0 are zero, then Eqs. (36) and (33) become Figure 7 shows the astronaut's trajectory over two orbital periods. All of the guesswork can be removed by setting the left-hand sides of Eqs. (33) and (36) equal to zero and then using specified values of x 0 , y 0 , and an assumed time-of-flight t f to solve them for the initial values ofẋ 0 andẏ 0 . The results arė
The interceptor may already have a pre-thrust velocity, v pre , so to reach the needed values ofẋ 0 andẏ 0 only a velocity increment ∆ v needs to be added to the pre-thrust velocity. Let us define the aiming angle θ aim for a successful rendezvous with the target as the direction of this velocity increment,
Subtracting the pre-thrust velocity is not necessarily a negligible correction, as will be seen in Sec. V for the Apollo 11 rendezvous above the Moon. Now return to the stranded astronaut, at rest at x 0 = y 0 = 100 m before her thruster fires.
Her distance from the target is 100 √ 2 m and she wants to arrive with a velocity of about 1 m/s, so she chooses a time-of-flight of t f = 140 s. Inserting these values into Eqs. (54) and (55) This is 36.7
• below the negative x-axis, and above the direction of her earlier attempt.
Equations (34) and (37) reveal that she arrives at her target with a gentle speed of 1.01 m/s. 
IV. LINE-OF-SIGHT TARGETING
Recall Wally Schirra's statement that "I don't think rendezvous is over until you are 
The time of flight is on the order of 100 s, so ω 0 t 1. Using the first two terms in a Taylor series for cos(ω 0 t) gives
Finally, set y(t) d min when t = |x 0 /ẋ 0 | to obtain
Although not exact, this relation is accurate to within 5 percent of the actual distance of closest approach in Before its thrusters were fired for the TPI maneuver, the LM was in a circular orbit at a distance h below the CSM. Because it was already moving relative to the CSM, the x and y-components of its pre-thrust velocity must be subtracted fromẋ 0 andẏ 0 to calculate the change in the velocity, ∆ v, of the LM required for rendezvous. Equation (5) can be used to calculate the pre-thrust velocity of the LM in the rotating frame S of the CSM.
In Fig. 14 , the origin of the non-inertial frame S (the CSM) is located on the y * -axis a 
and the velocity of the LM measured in the inertial frame S * is
where ω LM is the angular velocity of the LM,
Keeping in mind that, in Fig. 14, x 0 = x * 0 and y 0 = y * 0 − R 0 , some simple geometry leads to
Also, the position of the LM as seen from frame S is
and ω = −ω 0k , so
Inserting these into Eq. (62) shows that the pre-thrust velocity of the LM as measured from frame S is 
so θ aim = 19.8
• .
The timeline of the Apollo 11 flight plan was very tight. The triggering of the TPI when the CSM appeared at an elevation angle of 26.5
• above the LM's local horizon helped keep to that timeline. The LM could have been in an orbit that was too high or too low. Fig. 15 shows the command/service module and three possible heights for the LM's orbit. Each LM sees the CSM at the same elevation angle φ above the positive x-axis so x 0 = y 0 cot(φ). If this is substituted for x 0 in Eqs. (54) and (55), thenẋ 0 ,ẏ 0 , and v pre,x are all proportional to y 0 (and v pre,y = 0). Thus Eq. (75) shows that for a given flight time t f and elevation angle φ, the aiming angle is independent of the height of the LM's orbit. Although the values of ∆v x and ∆v y will vary, they are both proportional to y 0 , which makes it simpler to make adjustments to the magnitude of the thrust. Furthermore, Fig. 15 shows that at any later time, the three LMs always observe the CSM at the same elevation angle. This simplified the astronauts' search for the other spacecraft because it would always appear at the same angular position at a given time. The constancy of the time-of-flight and elevation angle φ helped the Apollo 11 mission adhere to its timeline, and meant that the LM would not have to change its aiming angle if it were higher or lower than its nominal orbit. By taking advantage of the mathematical properties of these rendezvous equations, the Apollo mission planners were able to simplify the astronauts' tasks and make the most efficient use of their time.
VI. SUMMARY
As seen from the translating and rotating frame of a target spacecraft, the trajectory required for an interceptor spacecraft to coast to a rendezvous with it is never a straight line. The linear path followed between orbiting spacecraft or astronauts in some movies and books is not realistic because non-inertial "tidal" and Coriolis forces cause the coasting interceptor to follow a drifting ellipse. The sum of the "tidal" and Coriolis forces acting on the interceptor is a Hooke's law force that is directed toward the instantaneous center of the ellipse. Even staying at rest relative to one another is not possible (without using and Japan contemplating landing men and women on the lunar surface. Plans for additional missions to Mars and its two moons are also underway. Some of these missions, especially the crewed missions, will involve the rendezvous of a lander with an orbiting spacecraft, and those missions will use the same techniques outlined here.
